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ABSTRACT
In this work we study the process of energy dissipation triggered by a slow large
scale motion of a magnetized conducting fluid. Our consideration is motivated by
the problem of heating the solar corona, which is believed to be governed by fast
reconnection events set off by the slow motion of magnetic field lines anchored in the
photospheric plasma. To elucidate the physics governing the disruption of the imposed
laminar motion and the energy transfer to small scales, we propose a simplified model
where the large-scale motion of magnetic field lines is prescribed not at the footpoints
but rather imposed volumetrically. As a result, the problem can be treated numerically
with an efficient, highly-accurate spectral method, allowing us to use a resolution and
statistical ensemble exceeding those of the previous work. We find that, even though
the large-scale deformations are slow, they eventually lead to reconnection events that
drive a turbulent state at smaller scales. The small-scale turbulence displays many of
the universal features of field-guided MHD turbulence like a well developed inertial
range spectrum. Based on these observations, we construct a phenomenological model
that gives the scalings of the amplitude of the fluctuations and the energy dissipation
rate as functions of the input parameters. We find a good agreement between the
numerical results and the predictions of the model.
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1 INTRODUCTION
The mechanism by which energy is extracted from large-
scale plasma flows and converted into heat is one of the fun-
damental problems in astrophysical magnetohydrodynam-
ics. The energy may be dissipated in large current and vor-
ticity sheets, transferred to small scales via a turbulent cas-
cade, converted into heat in a very large number of tiny
current sheets, or dissipated in a fashion incorporating sev-
eral of these mechanisms. One of the applications of the
theory is the problem of particle heating and acceleration
in the solar corona that is hundreds of times hotter than
the solar photosphere (Aschwanden 2004; Klimchuk 2006).
The most accepted mechanism involves converting coronal
magnetic energy into heat. The magnetic field is assumed
to be frozen into the plasma, so that the twisting and tan-
gling of magnetic field lines by the photospheric footpoint
motions eventually releases magnetic energy in the process
of magnetic reconnection (Yamada et al. 2010).
In this study we are interested in the case of a slow
large-scale motion of the magnetic field lines, i.e. slow com-
⋆ E-mail:peera@oddjob.uchicago.edu
pared to the time scale for the Alfve´n waves to propa-
gate back and forth along the field lines through the sys-
tem. This corresponds to the case of slow footpoint mo-
tion in coronal heating, where the magnetic loops respond
by evolving slowly through a sequence of magnetostatic
equilibria (Gold & Hoyle 1960; Barnes & Sturrock 1972;
van Ballegooijen 1986). As not all of the equilibria have the
same magnetic topology, the deformation of an equilibrium
with one topology into another happens through the process
of magnetic reconnection, which converts magnetic energy
into kinetic energy of the plasma particles (e.g., Parker 1972;
Ng & Bhattacharjee 1998; Priest & Forbes 2000; Low 2015).
This process is often studied in the framework of the
Parker model (Parker 1972, 1988), where the coronal loops
are treated as straight plasma columns. The initially uni-
form magnetic field lines in a column are attached at both
ends to the perfectly conducting boundaries where the slow
plasma motion is prescribed. The problem cannot be solved
analytically in its most general form and the available nu-
merical simulations can only address Reynolds numbers
that are hopelessly below the astrophysically relevant val-
ues. Consequently, the goal of phenomenological and nu-
merical treatments is to establish the plasma heating rate
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and, in particular, its scaling with the magnetic Reynolds
number Rm, in the hope that the results may be extrap-
olated to the naturally relevant parameter regimes (e.g.,
Longcope & Sudan 1994; Rappazzo & Velli 2011; Ng et al.
2012; Wan et al. 2014).
In the phenomenological treatment proposed
in Longcope & Sudan (1994), it was assumed that in
the limit of large Rm the energy dissipation occurs in a
finite number of isolated Sweet-Parker current sheets. The
heating rate was then predicted to scale as ǫ ∝ Rm1/3.
In more recent studies by Ng & Bhattacharjee (2008) and
Ng et al. (2012) it was proposed that the scaling essentially
depends on the rate of magnetic field “stirring” by the
footpoint motion. If the typical time of the field-line
twisting by random footpoint motion is smaller than the
typical time of the magnetic energy build-up and release
cycle, then the heating rate becomes independent of the
Reynolds number. This conclusion was supported in part
by numerical simulations at moderate Rm.
In this work we propose that in the limit of large
Reynolds numbers, the fast random magnetic line twisting
and tangling does not need to be imposed by footpoint mo-
tion. Rather, it is naturally provided by the small-scale tur-
bulence that inevitably develops in such a regime. Once the
turbulence is developed, the rate of energy dissipation is
dictated by the rate of energy cascade toward small scales,
which is independent of the Reynolds number. This picture
therefore does not require the random rapid motion of the
footpoints. Moreover, it does not require the assumption of
a finite number of current sheets in the limit of large Rm.
Such an assumption would in fact be incorrect, as the num-
ber of current sheets responsible for energy dissipation in
MHD turbulence is known to increase as the Reynolds num-
ber increases (e.g., Zhdankin et al. 2013).
To support our phenomenological theory with numer-
ical simulations, we propose a so-called volumetric Parker
model, where instead of prescribing the displacements of the
footpoints, we impose a slow large-scale velocity through-
out the entire volume of the fluid. The justification for this
modification is that for high Alfve´n velocities a boundary
displacement is communicated almost instantaneously along
the field lines. A practical advantage of our model is that
the volumetric displacement problem can be embedded in a
three-dimensional periodic domain and treated numerically
with an efficient, highly-accurate spectral method. This al-
lows us to study the problem with a resolution and statis-
tical ensemble exceeding those of previous studies, and to
derive novel scaling laws for the dependence of the magnetic
and kinetic fluctuations on the parameters of the large-scale
flow.
2 MODEL
We solve the full three-dimensional incompressible dissipa-
tive MHD equations1 with an additional volumetric forcing
1 We note that in studies of MHD turbulence with a strong guide
field, the reduced MHD approximation is often used. We do not
make such an approximation in our analysis.
term,
∂
∂t
v + v · ∇v − b · ∇b− vˆA · ∇b
= −∇P + S−1∇2v +F, (1)
∂
∂t
b+ v · ∇b− b · ∇v − vˆA · ∇v = S−1∇2b, (2)
∇ · v = 0, ∇ · b = 0, (3)
where vA = B0/
√
4πρ0 is the Alfve´n velocity based upon
the uniform background magnetic field B0 which is in the
z-direction, v is the fluctuating plasma velocity normalized
by vA, b is the fluctuating magnetic field normalized by
vA, P = (p + b
2/2), p is the plasma pressure normalized to
ρ0v
2
A, ρ0 is the background plasma density, S = vAL⊥/ν
is the (constant) Lundquist number (the magnetic Prandtl
number Pm is set to unity, that is, fluid viscosity is equal
to magnetic diffusivity), where L⊥ is a characteristic scale
length transverse to B0, and F is a forcing term. In these
equations time is normalized by the Alfve´n time L⊥/vA and
spatial coordinates are normalized by L⊥.
The driving of the system is performed by ensuring that
the large-scale velocity field v0, say, that occupies certain
wave numbers (see below), is time independent, while the
remaining Fourier components of the velocity field are al-
lowed to evolve. The prescribed part of the velocity field is
defined by
v0 = zˆ×∇ψ, (4)
where
ψ = v0L⊥ sin
(
z/L‖
)
[cos (x/L⊥) + cos (y/L⊥)]−
− (v0L⊥/2) cos
(
z/L‖
)
[cos (2x/L⊥) + cos (2y/L⊥)] . (5)
Thus, at each time step, the Fourier components of v0 are
kept fixed while the remaining components of the velocity
are allowed to vary.
An equivalent way of looking at this driving mechanism
is to assume that all of the components of the velocity field
are allowed to evolve, but the large-scale force F in equa-
tion (1) is chosen in such a way that at each time step it
brings the large-scale component of the velocity field back
to its prescribed value (5). This is the interpretation that
we will use in what follows.
It is important to stress that the imposed weak veloc-
ity field v0 is not strong enough to drive turbulence in the
absence of the magnetic field. Its detailed form is not impor-
tant, however, it should be chosen so that it will engender
non-trivial deformations of the magnetic field. Here, we have
chosen a flow with a simple, large-scale cellular structure and
non-trivial trajectories. The dynamics of the system thus es-
sentially depends on the build up and release of magnetic
energy, which we discuss in detail in the next sections.
We also note that we do not aim at providing a detailed
explanation of coronal heating. Rather, we concentrate on
a fundamental mechanism of energy extraction from large
scale MHD flows. We however believe that in the param-
eter regime (vAL⊥)/(v0L‖) ≫ 1, our approach should be
qualitatively similar other approaches based on line-tying.2
The numerical code solves equations (1-3) in a triply
2 We do not make such an approximation here.
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Run No. L‖/L⊥ v0/vA S vAT/L⊥
A1 1 1.25× 10−3 8000 1.2× 104
A2 1 2.5× 10−3 4000 5.8× 103
A3 1 5× 10−3 4000 3.2× 103
A41 1 1× 10−2 1000 5.4× 103
A42 1 1× 10−2 2000 5.4× 103
A43 1 1× 10−2 4000 4.4× 103
A44 1 1× 10−2 8000 4.9× 103
A5 1 2× 10−2 4000 1.8× 103
A6 1 4× 10−2 4000 1.2× 103
B1 3 1.25× 10−3 32000 2.0× 104
B2 3 2.5× 10−3 16000 1.6× 104
B3 3 5× 10−3 8000 2.0× 104
B41 3 1× 10−2 5000 6.0× 103
B42 3 1× 10−2 8000 8.4× 103
B43 3 1× 10−2 12500 8.7× 103
B5 3 2× 10−2 8000 5.7× 103
B6 3 4× 10−2 8000 1.8× 103
C1 8 1.5× 10−3 32000 9.6× 103
C2 8 3.3× 10−3 32000 2.0× 104
C3 8 2× 10−2 8000 9.6× 103
Table 1. Summary of the simulation parameters. Here, T denotes
the total physical time for each simulation.
periodic rectangular domain of cross-sectional area (2πL⊥)
2
and height 2πL‖, where the subscripts denote the directions
perpendicular and parallel to the background magnetic field.
We use a fully dealiased 3D pseudospectral algorithm to
perform the spatial discretization on a grid with a resolution
of 5123 mesh points. A description of the numerical scheme
may be found in Cattaneo et al. (2003).
3 RESULTS
In the following sections, we present the results of a series
of simulations. The parameters of the simulations are sum-
marized in Table 1. The values of the Lundquist number S,
which is kept constant in each simulation, are limited from
above by the requirement that the resulting turbulent fluc-
tuations are well resolved at the grid scale. By well resolved
we mean that the high wavenumber tail of the spectra has a
fast falloff. The values of the Lundquist number S are limited
from below by the requirement that the magnetic Reynolds
number based on the prescribed flow v0, Rm0 = (v0/vA)S
exceeds unity so that the magnetic field lines can be ad-
vected by the flow. The Reynolds numbers of the fluctua-
tions (which are not known in advance) are calculated af-
ter both the velocity and magnetic fields reach statistically
steady states. In some cases, multiple values of S are used
to establish the scaling with the Lundquist number. The
last column shows the time duration T of each simulation
normalized to L⊥/vA. We also note that larger values of
L‖vA/(L⊥v0) typically mean that a larger computational
time is required. The ratio v0/vA is quite small in our sim-
ulations, which is also the case in the solar corona.
Cyclic bursts.—First, we focus on the time evolution
of the kinetic and magnetic energies, v2 and b2, and the en-
Figure 1. The time series of ǫ, v2 and b2 from simulation B42.
ergy dissipation rate, ǫ.3 We do not separate the viscous and
ohmic heating as they are similar to each other. As an illus-
trative example, Figure 1 shows v2, b2 and ǫ from run B42.
The energies and the heating rate are highly intermittent
but they are related to each other. At first, the prescribed
flow v0 disturbs the large scale field B0 and the magnetic
perturbation b0 is generated. The Fourier modes of b0 are
the same as the modes of v0. This process increases the mag-
netic energy until the term b0 · ∇b0 generates the velocity
fluctuations δv with higher harmonics than those in v0. The
total velocity field is then v = v0 + δv.
Eventually, the velocity and magnetic perturbations are
developed at scales small enough to cause the release of
the magnetic energy accumulated in b0 by non-ideal pro-
cesses. This happens in a short time scale in the form of
a burst that transfers magnetic energy into plasma flow
and heat. This may be consistent with a fast and inter-
mittent rearrangement of magnetic field lines and energy
release due to magnetic reconnection (e.g., Rappazzo et al.
2008; Fuentes-Ferna´ndez et al. 2012; Osman et al. 2012;
Huang et al. 2014; Leonardis et al. 2013; Higashimori et al.
2013). After the energy of b0 has been released, there is no
energy to feed δv. Both b0 and δv then decrease. The energy
in b0 is then re-accumulated by v0 and the process repeats
itself. This cyclic process is responsible for the intermittency
observed in v2, b2, and ǫ. It is reasonable to assume that the
solution is self-correlated during only one cycle, therefore,
the cycle period τc also plays the role of the correlation time
of the fluctuations in the system.
Scaling with Lundquist number.—To study how v2, b2,
and ǫ depend on the Lundquist number S, we compare
the results from simulations A41-44 and B41-43. The time-
averaged dissipation rate ǫ, as well as the fluctuation ener-
gies, b2 and v2, from these simulations are shown in Figure 2.
They appear to be independent of S. Since the values of Re
are proportional to S, we can also claim that ǫ, b2, and v2
are independent of the Reynolds number.
An important feature of our Pm = 1 simulations is
that both viscous and ohmic heating are very similar. This
is consistent with the presence of small scale turbulence gov-
erning the energy cascade and energy dissipation in the sys-
3 We identify the dissipation rate with the heating rate ǫ, which
is an appropriate association to make in incompressible MHD as
it does not model plasma heating directly.
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Figure 2. The time-averaged values of ǫ (upper panel) and of b2
and v2 (lower panel) from simulations A41-44 and B41-43.
tem. Indeed, the values of the time-averaged Re range from
300 to 2700, so turbulence may develop. To verify this sce-
nario we plot the energy power spectra obtained in simu-
lations A41-44, in Figure 3 . Beyond the transitional range
of scales observed at k⊥ 6 3, both magnetic and velocity
fluctuations exhibit broad energy spectra with the spec-
tral indices approaching −3/2 as S increases. We believe
that this is a signature of MHD turbulence developing in
the system (e.g., Mu¨ller & Grappin 2005; Tobias et al. 2013;
Perez et al. 2012), which is responsible for removing the en-
ergy from the large scale and transferring it into heat with
the rate independent of the Reynolds and Lundquist num-
bers.
Scaling with the large-scale parameters.—In this section,
we relate the energies of fluctuations v2 and b2, and the
dissipation rate ǫ to the large-scale parameters of the system,
B0, v0, L‖, and L⊥. In steady state turbulence, the rate of
energy dissipation at small scales is equal to the rate of
energy cascade over scales and to the rate of energy supply
at large scales. The driving force in equations (1-3) is needed
to keep the large scale velocity field v0 prescribed, therefore,
it should balance the large-scale magnetic force, estimated
as (vA ·∇)b0. Recall that the magnetic fluctuations b0 result
from a shuffling of the uniform magnetic fieldB0 by the large
scale flow v0, and that b0 has the same set of Fourier modes
as v0. The energy input rate per unit volume is therefore
estimated as
ǫ ∼ 〈v0 · F〉 ∼ −〈v0 · (vA · ∇)b0〉 ∼ vAv0b0/L‖, (6)
where L‖ is the typical field-parallel scale of v0. This rate
should coincide with the rate of energy transfer to small
scales in the turbulent cascade,
ǫ ∼ 〈δv · (δb · ∇⊥)δb〉 ∼ δv3/l⊥, (7)
where δv ∼ δb are the turbulent fluctuations at the outer
scale of turbulence, l⊥ (this scale approximately corresponds
to k⊥ = 3 in Figure 3). Here the magnetic fluctuations δb
have Fourier harmonics with k > 3.
In a steady state, there is a balance between genera-
Figure 3. The time averaged power spectra of b2 (upper panel),
v2 (middle panel), and E = 0.5(v2 + b2) (lower panel) from sim-
ulations A41-44.
tion of the large-scale magnetic fluctuations b0, and their
diffusion due to small-scale turbulence. The generation of
magnetic fluctuations by the large-scale flow v0 is given by
the term (vA · ∇)v0 with the magnitude ∼ vAv0/L‖ in the
induction equation, while their diffusion due to turbulence
is described by ηT b0/L
2
⊥ ∼ l⊥δvb0/L2⊥, where we have sub-
stituted ηT ∼ l⊥δv for the turbulent diffusivity and L⊥ is
the typical field-perpendicular scale of v0. We thus arrive at
the balance condition
vAv0/L‖ ∼ l⊥δvb0/L2⊥. (8)
From (6), (7), and (8) we obtain the amplitudes of tur-
bulent fluctuations
δv2 ∼ δb2 ∼ v0vAL⊥/L‖, (9)
and the energy dissipation rate per unit mass
ǫ ∼
(
v0vAL⊥/L‖
)3/2
l−1⊥ . (10)
Figure 4 shows how δb2, δv2 and ǫ depend on v0/L‖ in all of
the simulations. They are in good agreement with our phe-
nomenological estimates. We also note that from equations
(6), (7), and (8) one derives (δb/b0)
2 ∼ (l⊥/L⊥)2, which is
consistent with Figure 3.
Finally, we are in a position to estimate the large-scale
correlation time τc. Since large-scale magnetic fluctuations
grow up to b0 on the correlation time scale, from the in-
duction equation we obtain b0/τc ∼ vAv0/L‖. Substituting
for b0 ∼ (L⊥/l⊥)δb, and using result (9), we estimate the
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. The time averaged δb2 at k > 3 , δv2, and ǫ from all
simulations versus v0/L‖. (The slight upshift of the magnetic fluc-
tuations, denoted by squares in the upper panel, may be related
to our somewhat subjective separation of the stronger large-scale
component b0 from the weaker turbulent component δb at k = 3.
No upshift is observed in the corresponding velocity fluctuations
that do not develop a strong large-scale component.)
correlation time
τc ∼ (L‖/vA)1/2(L⊥/v0)1/2(L⊥/l⊥). (11)
According to our previous discussion, this time also charac-
terizes the burst cycles of large-scale fluctuations.
4 DISCUSSION AND CONCLUSION
We have presented a numerical and phenomenological study
of the coronal heating problem based on the so-called vol-
umetric Parker model. In this model the slow large-scale
motion of the magnetic field lines is prescribed not at the
boundaries of the domain, but throughout the volume of
the fluid. As a result, the model allows for an effective nu-
merical study, with the resolution, statistical ensemble, and
accuracy exceeding those of previous treatments.
We have established that the energy is extracted from
the prescribed slow flow in a bursty, intermittent fashion.
Energy is quickly redistributed over large scales and trans-
ferred to small dissipative scales (large k⊥ modes) through
a universal turbulent cascade. The energy dissipation rate
and the levels of the magnetic and velocity fluctuations are
independent of the magnetic Reynolds and Lundquist num-
bers. However, there is a dependence on the large-scale pa-
rameters of the prescribed flow, with the scaling given by
equations (9) and (10).
To give a sense of magnitudes and scales, we make order
of magnitude estimates based on equation (10). If a proton-
electron plasma is assumed, then equation (10) can be used
to estimate the energy dissipation rate per unit volume
Ediss = ǫρ = 5.3× 10−3
(
v0
105cm/s
)3/2 (
vA
108cm/s
)3/2
×
(
n0
109cm−3
)(
L⊥
L‖
)3/2 (
l⊥
107cm
)−1
erg s−1cm−3, (12)
where n0 is the number of protons or electrons, and ρ
is the mass density. If we assume v0 = 5 × 105 cm/s,
vA = 2 × 108 cm/s, n0 = 2.5 × 109 cm−3, L⊥ = 108 cm,
L‖ = 4 × 109 cm and l⊥ = L⊥/2, the dissipation rate be-
comes Ediss = 3.33× 10−4 erg s−1 cm−3. This rate is equiv-
alent to having the energy flux EdissL‖ = 1.32 × 106 erg
s−1 cm−2 through the boundaries with an area of L2⊥. This
energy flux is within order of magnitude agreement with
the required flux to heat the corona (cf. Aschwanden 2004;
De Pontieu et al. 2007, 2011; McIntosh et al. 2011). This es-
timate for the energy flux is not unreasonble given the ide-
alized nature of our model. For an extensive review of the
most recent advances in understanding the coronal heating
problem and the acceleration of the solar wind, the reader
is referred to De Moortel & Browning (2015).
Our treatment is different and complementary to the
previous studies where the role of imposed random tangling
of magnetic field lines and magnetic turbulence in the energy
dissipation was also discussed (e.g., Dmitruk et al. 1998;
Dmitruk & Go´mez 1999; Rappazzo et al. 2008; Ng et al.
2012). In those studies the magnetic field columns were dis-
torted at the boundaries rather than volumetrically, which
mathematically imposed perturbations with a broad spec-
trum of field parallel wave numbers k‖. In our case, the
driving is strictly confined to the large-scale modes so that
the small-scale dissipation cannot be affected by the driv-
ing directly. The observed spectrum and scaling of the fluc-
tuations is solely a consequence of the nonlinear dynam-
ics. In addition, in contrast with Ng et al. (2012), we ob-
served the S-independent dissipation rate without impos-
ing an external fast field-line shuffling. In contrast with
Rappazzo et al. (2008), we use the full MHD treatment
(rather than RMHD) as we do not make a priori assump-
tions about the nature of turbulence that may develop in
the system (e.g., the relevance of field-parallel fluctuations,
transport of field-parallel momentum, etc., which are all ne-
glected in RMHD). Finally, in contrast with Dmitruk et al.
(1998) and Dmitruk & Go´mez (1999) where the 2D MHD
equations were used, we use a full 3D treatment and our an-
alytically and numerically derived scaling of the fluctuating
fields (9) is different from their predictions.
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